The possibility of a dark matter effect on the flavour spectra of astronomical neutrinos was explored by De Salas, Lineros, and Tórtola [1] using a simplified version of the standard neutrino mixing formula which excised the baseline dependency. In this work, we report results calculated with the full formula (i.e. including the baseline dependency) and employing two different bases for the dark-matter neutrino interactions: the flavour basis, as for the weak interaction in the Standard Model, and the mass basis, which is predicted by certain non-Standard Models (specifically Scotogenic models). It was found that including baseline dependency dramatically increased the explorable parameter space. The two bases yield substantially different oscillation patterns, which suggests that the observation of astronomical neutrinos can conceivably shed light on the neutrino mass generation mechanism. Additionally, we presented results for the blazar TXS 0506+056, the first identified source of high-energy astrophysical neutrinos. It was found that a source like TXS 0506+056 can put significant constraints on neutrino-dark matter interactions.
Introduction
Astronomical observations over the last several decades have consistently shown that, in simple terms, galaxies spin too fast for the visible matter they contain to hold them together gravitationally. This means that either the standard theory of gravity needs to be modified or that there are other forms of matter present which do not participate in the other Standard Model interactions (the electroweak and strong interactions) or only do so extremely weakly. Given that no satisfactory alternative theory of gravity has been developed, it is generally presumed that there is a type of matter that is quite common but is currently undetectable. This matter is called "Dark Matter" (DM) [2, 3] .
Neutrinos are electro-magnetically neutral leptons with a very small mass (the heaviest neutrino is at least six orders of magnitude lighter than the electron) [4] . Intrinsically connected to the massive nature of neutrinos is neutrino oscillations, also known as flavour mixing [5] . (Indeed, the massive nature of neutrinos was proven by the discovery of neutrino oscillations [6, 7] .) The currently favoured model for neutrino oscillations is three-neutrino mixing whereby a neutrino produced in one of the three flavour states enters into a quantum superposition of the three mass states which then propogate at different velocities due to having different masses. These velocity differences produce interference effects which cause the flavour content of the wavepacket to change in an oscillatory manner.
An interesting feature of these oscillations is that their exact form is dependent on the medium in which the oscillations take place. The most common form is the MikheyevSmirnov-Wolfenstein (MSW) effect, which occurs when neutrinos pass through a medium containing electrons [8, 9, 10] . The coupling of the electron-neutrino component to the medium causes a shift in the oscillation pattern, which is observable if the density of the medium is high enough. Theoretically, a similar effect would appear for any medium that couples to neutrinos strongly enough, regardless of the precise interaction involved.
De Salas, Lineros and, Tórtola [1] proposed that this effect could be used to observe neutrino-dark matter interactions. The idea was that if there is a significantly strong coupling between neutrinos and Dark Matter, then it would be observable at neutrino observatories, particularly high energy ones like IceCube [11] . One attractive feature of their approach is that it does not presume any particular type of Dark Matter or any particular type of interactions, merely that there is Dark Matter and it couples to neutrinos.
The standard formula for flavour transition probabilities is:
where f α is the emission flavour vector (i.e. a normalized vector containing the three flavour fractions), f β is the flavour vector at the detector and U is the matrix translating between the flavour basis and the effective mass basis 1 . De Salas, Lineros and, Tórtola [1] used the formula:
which can be obtained by expanding out the term in straight brackets in Eq. 1 and then integrating over all t before recompressing the surviving terms. Since baseline is related to time, this effectively integrates over all possible source locations. While the simplification allows for greater empirical flexibility by eliminating the need to know the baseline, there are reasons why the full expression is still valid. First of all, neutrino wavepackets will remain coherent over cosmological distances, even for supernova neutrinos which have the smallest wavepackets [12] . Secondly, the analysis requires knowledge of the initial flavour content [13, 14] which implies knowledge of the source which implies knowledge of the baseline. Thirdly, the results from a simplified calculation will not correspond to any actual empirical data. Empirically, ultra-high energy astrophysical neutrinos come from specific sources. Recently, the IceCube Collaboration analyzed its data accumulated over 9.5 years from the direction of the blazar TXS 0506+056 and concluded that blazars are an identifiable source of high-energy astrophysical neutrinos [15, 16] .
This work examined the effects of using the full expression and how they differ from the simplified expression. This was done by performing calculations using both expressions in the same manner as in [1] , save that the full expression required the addition of a baseline dependency. The calculations were made in two different bases, the flavour basis (Section 2) and the mass basis (Section 3). The flavour basis is the standard choice and corresponds to DM that participates in the weak interaction (e.g. WIMPs). It was the basis used by [1] . The mass basis is an unconventional choice that is predicted by certain theories of neutrino mass that are beyond the Standard Model (i.e. Scotogenic models) [17] . These are models where neutrinos obtain mass radiatively via virtual intermediaries which can serve as DM candidates (see e.g. [18, 19, 20, 21] ).
In addition to comparing results from the full expression with those from the simplified expression, the results for the two bases were compared to each other using the full expression. This is done by examining the distance dependency of the full expression in each basis (Section 4). The analyses in Sections 2 & 3 are then carried out for neutrinos from blazar TXS 0506+056 at the energy observed by IceCube [15, 16] (Section 5). The implications of the analyses are discussed in Section 6 before the whole work is summarized in Section 7.
Flavour Basis
The Hamiltonian for the flavour basis is:
where H int is taken to be Hermitian and U is the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix: 
This Hamiltonian is the most general one and accomodates the unknown natures of both Dark Matter and the interaction.
Following the procedure laid out in [9] , the flavour fractions (for the full formula) in the presence of a medium are calculated using equations analogous to the equations for vacuum oscillations. In a vacuum (each V ij = 0), the flavour fraction at the detector, f β is given by:
where ∆E ij is the difference between energies i and j, t is the time since neutrino creation and U l,k is the (l, k) term in the PMNS matrix, Eq. 4. In the presence of a medium (some non-zero V ij ) and taking the ultra-relativistic limit (
and t is replaced with L, the baseline), this is modified to:
where ∆M 2 ij is the effective mass-squared difference (which is energy dependent) and W l,k is the (l,k) term in the effective mixing matrix, which is also energy dependent. These terms are derived from the diagonalization of H tot to produce H ef f = W † H tot W , the effective Hamiltonian, which was done numerically. 2 It should be clear that the simplification process sets the cosine terms in Eq. 6 to zero, leaving only the first three terms in the equation.
In [1] , all parameters in H int were set to zero except for V 11 and V 22 . Setting V 33 to zero was justified by renormalization. The values ranged from ±10 −23 eV to ±10 −3 eV. The physicality of the negative potentials is justified by the fact that only differences between the parameters matter in the calculations and it is always possible to subtract a scalar multiple of the identity matrix from the Hamiltonian, as the final result will remain the same.
This study used the same general form as [1] (only V 11 and V 22 are non-zero). However, the range was chosen to be 10 −33 eV to 10 −13 eV as the potential required by cosmic anisotropy spectra is less than 10 −26 eV [22, 23, 17] 3 . Additionally, only the positive ranges were considered for reasons of convenience and as it suffices to describe the result (also, the results in [1] were symmetric about the two axes). As in [1] , the starting flavour 2 Since the diagonalization was done numerically, the actual computations replaced 
2E
with δλij, the difference between diagonal terms λi and λj in H ef f . Thus, Eq. 1 becomes
fα. The regions of substantial shift are clearly visible at the top and on the right-hand side while the region of little effect is in the lower lef-hand corner. The difference in colour on either side of the null-line is due to a sign change across that line. This is the same for all other plots.
fraction composition was (e, µ, τ ) = (1, 0, 0). The baseline was chosen to be approximately twice the distance of the Earth from the galactic center (5 × 10 20 m ≈ 16 kpc).
The energy was set to be 1 PeV as that was the highest energy examined by [1] . The metric used in [1] to measure the effect was:
where f β is the flavour fraction of flavour β in the presence of Dark Matter and f β,0 is the vacuum value. The inclusion of the f β,0 term as a denominator at first brush appears to normalise the parameter, but a careful examination reveals that this is not the case. First of all, it suppresses the deviation when f β < f β,0 relative to when f β > f β,0 . Secondly, it allows for the appearance of singularities. A better parameter would be the simple difference:
This parameter was used in this work due to the appearance of near singular values in Eq. 7 when the full function is used. The overall pattern is nearly identical to the pattern for electron neutrinos, which is expected due to the equivalence of the functions. 
Mass Basis
The interaction Hamiltonian used in the mass basis is:
which is the same as used in flavour basis save for the exclusion of the PMNS matrix. The parameters used were the same as in the flavour basis in order to enable cross comparisons. The calculations were identical to those for the flavour basis. Due to the nature of the mass basis Hamiltonian, the coefficients in the equation for f β are unchanged from the vacuum, which means that the simplified formula will remain unchanged. However, the terms inside the cosines will be changed, producing an effect if the full version is used. The results are shown in figs. 7-9. The patterns produced for the region of 10 −27 eV < V 11 < 10 −19 eV are similar to the patterns shown for the same region in the flavour basis, including the occurence of significant shifts at potentials lower than can be seen with the simplified formula. The mass basis results also show more variation in D β for the region V 11 > 10 −19 eV than the flavour basis results. This shows that the mass basis effects consist entirely of the variable small scale effects which are eliminated by the simplification process. Another difference between the two bases is that the mass basis appears to be entirely symetric about V 11 and V 22 . An interesting difference between the two interactions is the effect on the different flavours (see fig. 11 ). In the flavour basis the biggest effect is on the electron neutrinos while in the mass basis the effect on electron neutrinos is quite small. Another interesting effect is how the long range pattern for the flavour basis shows a slight shift in the shape of each peak, which shows up most clearly for muon neutrinos. Due to the unphysical nature of the combination of baseline and potential (potential is related to dark matter concentration) any discussion of the long range effects are purely academic, yet this is still an interesting result.
Results for Blazar Neutrinos
A very exciting recent developement in neutrino physics was the first identification of a point source of astrophysical neutrinos. The IceCube Collaboration identified blazar TXS 0506+056 as the source for a number of high-energy (290 TeV) neutrinos observed by the group over a period of 9.5 years. In this section we present the results for D β in the scenario where only electron neutrinos are produced at TXS 0506+056.
Blazar TXS 0506+056 has a redshift of z = 0.3365 ± 0.0010, which corresponds to a baseline of (4.384 ± 0.013) × 10 25 m [16] ). The energy was set to be 290 TeV as that was the energy reported by [15] . The potential range was changed to be in the range 10 −40 eV ∼ 10 −13 eV in order to accommodate the new results. Only the results from the full function are given as the results from the simplified function are essentially unchanged.
The results for the flavour basis are given in figs. 12-14 while the results for the mass 
Discussion
The work by [1] showed possible "Dark Matter effects" on the astronomical neutrino spectrum. This work showed that resonance effects caused by neutrino oscillations should make Dark Matter effects more easily detectable. The main issue with including oscillations to the analysis is that knowledge of the baseline is required, which requires knowledge of the source. Even if the source is known, that doesn't necessitate knowledge of other important parameters, such as intitial flavour fraction, without which nothing can be determined. For blazar neutrinos, there is the compounding effect of neutrinos being produced in a region containing a great deal of normal matter, which means that (in theory) the normal MSW effect will be present. Also, as shown previously, the resonance effects are very sensitive to the parameters in question. This is both a help and a hinderance. A help because it allows for better measurements; a hinderance, because it requires greater precision in the inputs. Since blazars are not point objects, blazar neutrinos will be produced with a range of baselines that exceeds the neutrino oscillation wavelength.
Even if the source was known, there is the issue of detecting enough neutrinos to be able to conclude anything about the flavour spectrum, an issue which is compounded by the large distances involved and the inverse square law. The use of very high energy neutrinos helps somewhat, as these neutrinos are not produced in the Solar System, which reduces the background that needs to be accounted for (relative to lower energy neutrinos). Still, there needs to be a sufficiently large signal. For blazar neutrinos, there has, as of writing, only been a handful of confirmed events [15] . This means that the obtaining of usable data is still a ways off.
Unfortunately, if the results from the CMB and Large Scale structure observations are valid (and there is no reason to think otherwise), then observing neutrino-DM interactions in neutrino oscillations would be extremely difficult, if not impossible. While a potential of 10 −26 eV was quoted, that number is for astronomical neutrinos with minimal constraints. Using more realistic constraints pushes the allowed potential well below 10 −30 eV. This is especially the case for the mass basis as Scotogenic models (the primary motivation for investigating this basis) require the interaction to be energy independent, which greatly reduces the allowed potential in these high-energy cases. For blazar neutrinos, the most likely value reduces to ≈ 10 −38 eV due to the decrease in DM average density. 5 That being said, the effect still increases with energy. Therefore, it remains to be seen whether there are neutrinos produced with the right properties and at an optimum distance to make such measurements possible.
If such an effect was observed it would yield valuable physics information. Flavour basis interactions would be a confirmation of the WIMP model of DM and could potentially yield information about the structure of the DM. Mass basis interactions would be a strong indication for Radiative Neutrino Mass Generation and (if this was the case) yield information related to the neutrino absolute mass scale, in addition to information about the nature of DM [17] . Of course, a realistic spectrum would presumably show a slight shift due to the normal matter effect as there is some matter in interstellar space. A study on the normal matter effect for astrophysical neutrinos and its strength relative to the Dark Matter effect will be presented in future work.
Summary
Calculations for astronomical neutrino spectra were performed using both a simplified expression and the full formula for neutrino flavour transition probabilities. This was done in both the flavour and mass bases. The results show that using the full formula can produce larger effects at lower potentials in the flavour basis and is essential for obtaining any effect in the mass basis. An examination and comparison of the baseline dependency of the full formula in each basis showed that it should be possible to distinguish between the two bases, which would shed light on the nature of both neutrinos and Dark Matter. The analyses in the flavour and mass bases were repeated with parameters related to high energy neutrinos produced by blazar TXS 0506+056 and the same results were obtained, but more strongly. The physical implication of these results is that it is essential that the distance traveled by astronomical neutrinos be known in order for any meaningful information to be obtained.
